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A new discrete-time, fuzzy-sliding-mode controller with applicationto vibration control of a smart structure fea-
turing a piezofilm actuator is presented. First, a discrete-time model with mismatched uncertainties is considered
for the design of a discrete-time, sliding-mode controller, which consists of an equivalent part and a discontinuous
part. In the design of the equivalent part, an equivalent controller separation method is adopted to achieve faster
convergence to a sliding surface without extension of a sliding region, in which a system robustness cannot be guar-
anteed. The discontinuous control part is then constructed on the basis of the sliding and convergence conditions.
Subsequently, the discrete-time, fuzzy-sliding-mode controller is formulated by employing a fuzzy technique to
appropriately determine principal control parameters such as a discontinuous feedback gain. The controller is
then experimentally realized, and control results of transient, forced, and random vibrations of the smart structure
are presented to demonstrate the effectiveness of the proposed method.

Introduction

ECENTLY, with the aid of advanced technologiesin computer

and material sciences, advanced lightweight structural sys-
tems have been achieved in various research fields such as robotics,
space structures, and manufacturing. Especially, the emergence of
so-called smart materials has accelerated successfuldevelopmentof
the advanced structural systems.'> Thus far, the smart materials in-
clude electrorheologicalfluids, shape memory alloys, piezoelectric
materials, and optical fibers.

In practice, most flexible structures using the smart materials
can be easily subjected to parameter variations, such as natural fre-
quency and external disturbances>* Hence, these systems require
robustcontrolalgorithmssuchas sliding-modecontrol (SMC)rather
than the conventional proportional-integral-derivative controller.
Sliding modes that are the principal modes in the variable structure
system are obtained by appropriate discontinuous control laws.>*
In the sliding mode, the control systems have robust properties to
the parameter variations and external disturbances. The sliding mo-
tion is independent on the controller and is determined solely by
the properties of the control plant and the positions of sliding sur-
faces. This allows the initial control problem to be decoupled into
two independent lower-dimensional subproblems; the controller is
activated only for creating the sliding mode, whereas required char-
acteristics of the motion over the intersectionof the sliding surfaces
are to be provided by a suitable choice of their equations.”~?

In general, the SMC has been designed based on the continuous-
time system. Its implementation by a digital computer, however,
requires certain sampling processes. It may be impossible that the
samplingprocessesare exactly realized in the continuous-time SMC
(CSMC) system. In other words, because the sampling processes
bring not only unwanted chattering of the control input along the
predesignedsliding surfaces but also possible instability of the con-
trol systemwith an unnecessarylarge gain, practicalimplementation
of the CSMC is sometimes very difficult. This leads to the study of
the discrete-time SMC (DSMC) system.!9~13
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The main discrepancy between the DSMC and the CSMC is
the determination of the existence condition of the sliding mode.
Sarpturk et al.'” have presented the existence conditionto determine
a stable sliding-mode controller for the discrete-time system. This
conditionrequires a controller gain to have upper and lower bounds.
Butif the system has uncertainties, there exists aregionin the neigh-
borhood of the sliding surface where the feedback gain cannot be
defined. This region is called a sliding region. Furuta'! and Wang
et al.'? used an equivalent controller to reduce the sliding region.
However, this method makes the control system very sensitive to the
uncertainties inside the sliding region. Furuta and Pan'® have sug-
gested a B-equivalent controller to attenuate the sensitivity. How-
ever, this solution makes the sliding region enlarge. This may cause
adverse chattering in the vibration control of flexible structures.

In this study, we propose a new discrete-time, fuzzy-sliding-mode
controller to remove these drawbacks and apply it to a robust vibra-
tion control of a smart flexible structure with mismatched system
parameter variations and/or external disturbances. After designing
a stable sliding surface using the eigenvalue assignment method,
the S-equivalentcontrolleris constructed. Inside the sliding region,
only this controller is to be activated to get faster convergence to
the sliding surface without extension of the sliding region. A dis-
continuous controller is then designed on the basis of the sliding
and convergence conditions. This controlleris to be activated only
outsidethe slidingregionto increase the robustnessto system uncer-
tainties. Control parameters of the discontinuous feedback gain and
B are dependenton the positionsof representativepoints R P and the
predetermined sliding surface. Therefore, it is, in general, difficult
to select proper control parameters. In this study, a discrete-time,
fuzzy-sliding-mode controller (DFSMC) is formulated by incorpo-
rating a fuzzy technique to determine appropriate control parame-
ters. The DFSMC is then experimentally realized for the vibration
control of the smart structure featuring the piezofilm actuator. Ex-
perimental results of transient, forced, and random vibrations are
presentedto demonstrate excellent control performance and robust-
ness of the proposed controller.

DSMC
We consider a single-input, uncertain-discrete-time system given
by

x(k+1) = (@) + AD)xk) + To + AD)u(k) +dk) (1)



858 CHOI AND KIM

where
¢11,0 e ¢1n,0 Y10
D =| , o= :
¢nl,0 e ¢nn,0 Vn,0
¢i j, min + ¢i j.max Yi,min + Vi, max
Gijo = %1 Yio = T
ij=1,...,n
S (k) Spra (k)
AD=|
S¢u (k) Spun (k)
Sy (k) d, (k)
AT=| = |, d(k) =
Syu (k) d, (k)

where @, and Iy are the nominal system matrix and nominal input
vector,respectively; A @and AT are correspondinguncertainparts;
andd(k) is the external disturbanceincludingexcitationforce. Here,
@ij.min and @;; max are the lower and upper bounds of the correspond-
ing element ¢;; o. The matching condition'* for system (1) is avail-
able when certainfunctionsD (k), D, (k), and D (k) exist to satisfy
Obviously, the proposed system (1) does not satisfy the matching
condition for the imposed uncertainties. However, for the formula-
tion of the controller u(k), the maximum parameter variations and
disturbance need to be defined as follows:

qsij = mkaX[|5¢ij mN= ¢ij,max - ¢ij,0 = (¢ij,max - ¢ij,min)/2
)_/i = m,flx[|5%(k)|] = Yimax — Vi0 = (yi,max - ]/i,min)/2 (2)

d; = max(|d; (k)]], i=1,....n

Equivalent Controller

In this study, the control objective is to enforce the vibration of
the smart structure to zero, a regulating control problem. Thus, for
the system (1), we may set a sliding surface in the state space as
follows:

s(k) = Cx(k) (3)

where C = [c; ---¢c,] is the surface gradient vector. The surface
gradient vector should be determined so that the sliding surface
(3) itself is stable in the state space. This can be accomplished by
assigning desired eigenvalues for the nominal system matrix @,
in Eq. (1) (Ref. 6). Now, the equivalent controller for the nominal
system is obtained such that the state variables rest on the surface
of s(k + 1) = s(k) for all k given by

C[Dyx (k) + Touk)] = Cx (k)
Thus,
Ueq(k) = Fegx(k) = —(CT,) ™ (C®, — O)x (k) 4)

In the sliding mode, the motion of the system is subjected to the
following equations:

x(k+1) = ( @y + T Feq)x(k) = Dgx(k), s(k)y =Cx(k) =0

(5)

Here, one eigenvalue of CDeq is 1 and the others (n — 1) become

predetermined desired eigenvalues (less than 1) (Ref. 11). Conse-

quently, the nominal system with the equivalent controller (4) is
marginally stable in the sliding mode.

On the other hand, the 8-equivalentcontrolleris determined from

the relation of s (k + 1) = Bs(k) as follows:

C[D, x (k) + Tou(k)] = pCx(k), 0<B <1

This yields
Ueg.p (k) = Foq px(k) = —(CTp)~' (CDy — BOX(k)  (6)

The nominal system with the -equivalent controller (6) is asymp-
totically stable inside the sliding region because 8 itself is one of
the eigenvaluesand it is less than 1 (Ref. 13).

As stated earlier, using the equivalent controller (4), we can re-
duce the slidingregion, butthe system sensitivity to the uncertainties
increases. On the other hand, using the 8-equivalent controller (6),
we can attenuate the sensitivity with a tradeoff of the large sliding
region. To keep only the advantage of each equivalentcontroller,in
this study we propose an equivalent controller separation method;
inside the sliding region, we activate only the S-equivalent con-
troller (6), whereas the controller (4) is activated outside the sliding
region by incorporating the discontinuouscontrollerto be designed
in the subsequent section. This switching activation does not cause
instability of the system because the sliding mode dynamics with
Eq. (4) or (6) is stable.

Discontinuous Controller
For the discrete-time system, the controller should be chosen to
satisfy the following condition:

stk + D] < |s(k)] (M

This condition may be decomposed into the following two inequal-
ities:

[stk+1) —s(k)]sgn[s(k)] <0 (8a)
[stk 4+ 1) + s(k)]sgn[s(k)] > 0 (8b)

Sarpturk et al.'” called the inequalities (8a) and (8b) the sliding con-

dition and convergence condition, respectively.
Let the controller in the uncertain system (1) be

(k) = teq (k) + 1q (k) ©)

where u.q (k) is the equivalentcontroller given by Eq. (4) and u, (k)
is the discontinuouscontrollerto be designed. Before designing the
discontinuouscontroller,we assume thatC I'y+AT") is nonsingular
for all k. This assumption can be then expressed by'?

> Y leiil (10)

i=1

n

Zci%‘,o

i=1

Now, with the condition (10), the discontinuous controller for the
uncertain system (1) can be determined by the following theorem.
Theorem: The discrete-time, sliding-mode controller (9) makes
the state trajectory of the system (1) converge robustly to the inside
of the sliding region from the outside, if the equivalentcontrolleris
selected as Eq. (4) and the discontinuouscontrolleris chosen by

ua(k) = =h(k) sgnlCTos (k)] Y 1x: ()| (1

i=1

where, outside the sliding region, /i, (k) < h(k) < h.(k) and, inside
the sliding region, h(k) = 0:

sup[H, (k)] h (k) = 2|s (k)| — sup[H, (k)]
inf[H, (k)] ‘ sup[H, (k)]

and inf[H, (k)], sup[H, (k)], and sup[H, (k)] are defined by

hy (k) =

i=1

inf[H, (k)] = inf |:|C(1"0 + AT Z x; (k)l}

= inf(ICTo + AD) Y % (k)|

i=1

- Xn: |CiJ7i|> Xn: |x; (k)|

i=1 i=1

= ( 2": CiYio

i=1
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suplH; ()] = sup[lca"o +AT) Y I, <k>|}

i=1

= supl|C@o + AT Y Ixi (k)|
i=1
=( +Z|cifi|>2|xi<k>|
sup[H, (k)] = sup{C[A Dx (k) + AT u, + d(k)1}

i= i=
= sup|:2n: 2”: cid¢ij(k)x;(k)

i=1j=1

n

Z CiYi0

i=1

+ Z Z 8y, (K)eq + Z cid; (k)}

i=1j=1 i=1

= 2":2": leipijx; (k)| + [tteq ()] 2": leivil + 2’1: lei di|
izl =1 i=1 i=1

Proof: From the system equation (1) and the sliding surface equa-
tion (3), we can get s(k + 1) as follows:

stk +1) = C(@, + AD)x (k) + CTy + AD)u(k) + Cd(k)
= C[A®x(k) + AT uey (k) + d(k)]
+CTy + AD)uy(k) + s(k) (12)

Substituting Eq. (12) and the discontinuous controller (11) into the
sliding condition (8a) and the convergence condition (8b), respec-
tively, yields

h)ICTo + AT Y fxi (k)|

i=1

> C[A®x(k) + AT uq(k) + d(k)]sgn[s (k)] (13a)

hIICTy + A Y x| < 2ls (k)] + CIADx (k)

i=1
+ AT ugq (k) + d(k)] sgn[s(k)] (13b)

From these inequalities, we can get the lower bound 5, (k) and the
upper bound A (k) of the discontinuous gain A (k), which are given
in the theorem. The A, (k) and h.(k) are called sliding gain and
convergence gain, respectively. From the fulfillment of the sliding
condition (8a) and the convergence condition (8b), the convergence
of the state trajectoryto the inside of the slidingregionis guaranteed.
This briefly concludes the proof.

DFSMC

Inside the sliding region, the value of 8 in Eq. (6) is physically
relative to the control gain. The g is closer to zero; the control gain
is larger. If we choose sufficiently small 8, we may achieve fast and
robust control effect. But this may cause unwanted chattering in the
vibration control. Outside the sliding region, the discontinuousgain
h(k) in Eq. (11) has characteristics similar to 8. Therefore, proper
choice of B and h(k) is very important to achieve excellent control
performance. However, it is, in general, difficult to select proper 8
and & (k) because they are time varying. In this study, we adopt a
fuzzy technique to take account of this problem.

The fuzzy controltheory has been applied to the controlof electri-
cal systems, robotic systems, and variousmechanicalsystems.!” The
prominent advantage of the fuzzy controller (FC) is that it can ef-
fectively control complex,ill-defined systemshaving nonlinearities,
parameter variations,and disturbances. When we designan FC, how
to select appropriate FC rules is the first problemto be resolved. For
this, we consider the upper bound % (k) and the lower bound k, (k)

of the discontinuousfeedback gain. These bounds, 1. (k) and h, (k),

are equal to the boundary of the sliding region. Thus, we can obtain

the information of this boundary and define the following function:

h (k) - sup[H, (k)] + sup[H, (k)]
2

We choose the control logic as the following condition statements.
1) Inside the sliding region:

Sbound (k) = (14)

IF R P is far from the sliding surface,

THEN g is small and vice versa. (15)
2) Outside the sliding region:

IF R P is far from the sliding surface,

THEN h (k) is large and vice versa. (16)

For the constructionof the FC that has linguisticrules, we choose
two fuzzy variables for B and (k) as follows.
1) Inside the sliding region:

Is (k)]
op = , Aoy = og(k) —og(k — 1) 17)
/ sbound(k) / / /
2) Outside the sliding region:
oun k
oy =Mv Aoy, = oy (k) —op(k—1)  (18)
s (k)|

Now, two linguistic input variables are defined to describe these
fuzzy variables as follows:

o = {VS,SM, ME, LA, VL}, A¢ = {NL, NS, ZO, PS, PL}

(19)
where VS is very small, SM small, ME medium, LA large, VL
very large, NL negatively large, NS negatively small, ZO zero, PS
positively small, and PL positively large. Also, linguistic output
variables are defined to describe the 8 and A (k) as follows:

h = {hy, hy, hy, hy, hs} ~ (20)

ﬂ = {ﬂlv ﬂZv ﬂ37 ﬂ47 ﬂS}v

where B;, h; (i = 1, ..., 5) are fuzzy values of B and h(k), respec-
tively. The input-outputrelationsof the FC with fuzzy variables(19)
and (20) inside and outside the sliding region, respectively, are

&, A5 — B, &5,A6 = h 21
Table 1 is a lookuptable of fuzzy controlrules adoptedin the present
study, i.e.,
Rg 11 IF 6 is VL and Ac is NL inside the sliding region,
THEN g is B
: (22)
Ry ss: IF ¢ is VS and Ac is PL inside the sliding region,
THEN B is Bs

Ry.11: IF ¢ is VL and Ac is NL outside the sliding region,
THEN £ is h,
: (23)
R, ss: IF ¢ is VS and Ag is PL outside the sliding region,
THEN  is h;

This fuzzy algorithm can be inferred from the center-of-gravity
method.'

Table 1 Linguistic fuzzy rule base for the 3[h(k)]

AS VL LA ME SM Vs

NL Bi(h2) Bi(h3) B2(h3) B3(h4) B3(hs)
NS Bi(h2) Ba(h2) B2 (h3) B3(ha) B3 (hs)
Z0 B2 (h2) Ba(h2) B3 (h3) B3(h3) Ba(hg)
PS Ba2(h1) Ba(h2) B3 (h2) Ba(h3) Ba(ha)

B2(h1) B3(h1) Ba(h2) Ba(h3) Bs(h3)




860 CHOI AND KIM

Desired

Actual

position Inside the sliding region

L u(k) = gy 3 (K)
Outside the sliding region : u(k) = Uy oK) 1t (k)

position

[ CONTROL
SYSTEM

B
Defuzzification

Decision
Making

o]
A5

hk) ~

(Inside the sliding region)

5|

Oy

| h
l Defuzzification

— G :
Decision - - !
: Fuzzification l
Making g 3
(Outside the sliding region) !

Fuzzy Control Loop

Fig. 1 Block diagram of the proposed DFSMC.
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Fig.2 Schematic diagram of the smart structure.

Figure 1 presents the block diagram of the proposed DFSMC.
The basic configuration of the FC consists of three components:
a fuzzification interface, a decision-making logic, and a defuzzifi-
cation interface. In the fuzzification interface, o4, Aoy or 0y, Aoy,
are estimated, and these are modified into linguistic values ¢ and
Ac . The decision-makinglogic is the kernel of the FC inasmuch as
it has the capability of both simulating decision making based on
fuzzy concepts and inferring fuzzy control actions. In the defuzzi-
fication interface, fuzzy output 8 or i (k) decided from the decision
making logic is changed into a numerical value for the purpose of
using real control input. Hence, the S-equivalentcontroller and the
discontinuous controller can be formulated as follows:

Ueq 4 (k) = —(CT)~'[CDy — B(5, AG)CIx(k) (24)

ug(k) = —h(G, A5) sgnlCTos®)] Y x| (29)

i=1

Itis evident from Fig. 1 that only the 8-equivalentcontroller (24) is
activated inside the sliding region, whereas the controllers (4) and
(25) are activated outside the sliding region.

Application to a Smart Structure
System Modeling
Consider a smart flexible cantileveredbeam (as shown in Fig. 2)
in which the piezofilm (PF), also known as a polyvinylidenefluoride
(PVDF), is perfectly bonded on the upper surface of a host material
structure (composite beam) as an actuator. Upon applying a voltage

V() to the PF, a strain is producedin the PF layer, and the resulting
bending moment in the beam is obtained as follows'’:

hl +h2 ElEzhlb
2 E\h, + Exh,

M= —d, - Vity=c- V() (26)

where c is a constant dependent on mechanical properties and the
geometry of the host material and the PF. E, and E, are the Young’s
modulus of the composite beam and the PF, respectively;and ds; de-
notes a piezoelectricstrain constant. Applying energy equationsand
Hamilton’s principle, the governing equation of motion is obtained.
Subsequently, upon retaining a finite number of control modes, a
reduced-order dynamic model is achieved in the state-space repre-
sentation as follows!®:

x(1) = Ax(t) + Bu(t) + f(1), y(t) =Ex(t)  (27)

where
x=[q ¢ @ ¢ - Qqn qm]T
=[x x Xom 1"
u) = V@)
fO=10 fi) 0 fo@) 0 fu®]
0 1
_L()% _2§1w1 0
A= ’
0 0 1
c
B=——

1;

L a2 L a2
x0/8¢1dx0/a¢2dx
o 0x? o 0x?

E=[¢(L) 0 ¢(L) 0

L T
82
-0 / O dx
o 0x?

¢u(L) 0]

InEq. (27), f; (t) isanunknownbutboundedexternalforce to disturb
the ith mode. The w; and ¢; denote the natural frequency and the
damping ratio of the ith mode, respectively;and /, is the generalized
mass. Note that the output matrix E is related to the tip position
Sensor.
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Fig.3 Experimental apparatus for vibration control.

p

In practice, due to the variable tip mass, errors on measurement,
and so on, possible variations of the parameters w; and ¢; will occur,
and these can be expressed as follows:

Gi(t) = G0+ 685 ()

Now substituting Eq. (28) into Eq. (27) yields following uncertain
state dynamic model:

w; (1) = w; o + dw; (1), (28)

x(t) = [Ao + AA®)]x(t) + Bu(t) + f(t)

=A)x(t) +Bu) + f(1) (29)
Here we assume that all elements of the system and input matrices
are piecewise smooth functions.

By using the zero-order-holdmethod,! the continuous-timesys-
tem (29) can be written by the following discrete-time version:

70
r’l///
{

RR

i
i

h

Fig.4 Surfaces of the fuzzy output variables.
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Fig. 5 Transient vibration control responses with tip mass.
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x(k + 1) = D)xk) + Tk)uk) +d(k)

where

D) = exp[/ A(r)dr:| = exp|:A (“%)T}

I'k) = / exp|:/ A(a) dai| B(t)dr

T
t + ¢ t + ¢
;/ exp[A<¢>f}de<¢
; 2 2

)

CHOI AND KIM

(30)
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where T is a sampling time and & is a sampling number. We can
rewrite Eq. (30) as the form of Eq. (1) using the nominal part and
the uncertain part as follows:

x(k+1) = (@) + AD)x(k) + Ty + AD)u(k) +dk)  (31)

Control Results and Discussion

The dimensional and material specifications of the composite
beam and the PF used in this study are given in Table 2. The system
model parameters without tip mass were obtained from the exper-
iment as follows: w; = 11.8 Hz, w, = 75 Hz, ¢ = 0.0072, and
¢, = 0.0043. The first and second flexible modes were consid-
ered as the primary modes to be controlled in the implementation.
The position state variables were directly measured, and the veloc-
ity state variables were estimated using a reduced-orderobserver?’
To demonstrate the robustness, the parameter variations were im-
posed in the controller design as follows: w; = 11.8 Hz £18%,
w, =75Hz £ 18%, ¢, = 0.0072 %+ 10%, and ¢, = 0.0043 £ 10%.
The percentage of the variations was determined by considering
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Fig. 6 Forced vibration control responses without tip mass.
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Fig.7 Forced vibration control responses with tip mass.
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the change of the natural frequency and damping ratio due to
the tip mass. The system was sampled with the sampling time of
0.01s.

Figure 3 presents a schematic diagram of the experimental appa-
ratus and associated instrumentation. The informationof the tip dis-
placement from a noncontacting displacement proximitor (Bently
Nevada 7200) is fed back to the microprocessor through an A/D
converter (DAS-20). Using the state variables, control input voltage
is determined in the microprocessor (IBM PC 486) by means of the
proposed DFSMC algorithm. The control voltage of the micropro-
cessor is applied to the PF actuator through a D/A converter and
a high-voltage amplifier (Trek 609A), which has a gain of 1000.
The dynamic signal analyzer (Hewlett Packard 35665A) is used to
record and analyze the experimental results.

Figure 4 presents the surfaces of the fuzzy output variables § and
h(k) obtained by the center-of-gravity method. We can easily see
that this representsin nature the fuzzy controlrules given by Table 1.
Note that the membership functions of 8 and A (k) are selected to
be the same.

Table 2 Dimensional and mechanical properties
of the composite beam and the PF

Young’s Thickness, Density, Width, Length,
modulus, GPa mm kg/m3 mm mm
Composite beam (glass/epoxy)
6.4 0.65 1865 26.6 170
PF (PVDF)
2 0.11 1780 26.6 170

Piezoelectric strain constant: 23 x 10~'3 (m/m)/(V/m)
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g
o
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Figure 5 presents measured transient vibration control responses,
where initial tip displacement was imposed by 4.0 mm. The in-
put control voltage was limited to +1.5 kV. From the open-loop
response, we can see that the vibration decays only with the ma-
terial damping. The closed-loop control response advocates that
the imposed transient vibration was perfectly controlled by using
the DFSMC. In the transient vibration control, however, the ef-
fectiveness of the equivalent controller separation method is not
prominent.

The measured control responses of the forced vibration without
and with the tip mass are presented in Figs. 6 and 7, respectively.
We can clearly observe that the proposed equivalent controller
separation method considerably improves the system responses by
attenuating the chattering of the control input as well as the tip
displacement. The large chattering of the displacement without the
separation method arises from the excessive supply of the control
input voltage in the settling phase. This is because the sliding mode
motion occurs on the sliding region, not inside the sliding region.
Figure 8 shows measured random vibration control responses with
the separation method. It is shown that the proposed controller pro-
vides good control performanceagainstthe disturbance(excitation),
which has time-varying frequency and amplitude.

Conclusions

A new DFSMC was formulated to attenuate the chattering of the
vibration and also to achieve robustness of the system uncertainties.
In the design of the controller, an equivalent controller separation
method was employedforreachingthe sliding surfacefaster without
increment of the sliding region. The controller was incorporated
with a fuzzy technique to determine appropriate control parameters
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Fig.8 Random vibration control responses with the separation method.
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such as the discontinuous feedback gain. The controller has been
successfully applied to the transient, forced, and random vibration
control of a smart structure featuring a PF actuator. Finally, note
that, without any modifications, the proposed control method can
be applied to many other physical systems subjected to parameter
variations and external disturbances.
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